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Abstract
A consistent stress-driven nonlocal integral model for nonisothermal struc-
tural analysis of elastic nano- and microbeams is proposed. Most nonlocal
models of literature are strain-driven and it was shown that such approaches
can lead toward a number of difficulties. Following recent contributions
within the isothermal setting, the developed model abandons the classical
strain-driven methodology in favour of the modern stress-driven elasticity
theory by G. Romano and R. Barretta. This effectively circumvents issues
associated with strain-driven formulations. The new thermoelastic nonlocal
integral model is proven to be equivalent to an adequate set of differential
equations, accompanied by higher-order constitutive boundary conditions,
when the special Helmholtz averaging kernel is adopted in the convolution.
The example section provides several applications, thus enabling insight into
performance of the formulation. Exact nonlocal solutions are established,
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detecting also new benchmarks for thermoelastic numerical analyses.
Keywords: Nanobeams, size effects, stress-driven elasticity, nonlocal
thermoelasticity, analytical modelling
1. Introduction
Research breakthroughs in nanotechnology over recent years have caused
an increased interest in the mechanical behaviour of structures at nanoscale
as well. Most commonly, sensors that measure forces or displacements are
analysed. However, the mechanics of such structures fails outside usual
macroscale mechanical principles. Origins of such behaviour are manifold.
The structures at the nanoscale have discrete nature manifested in the form of
atoms and interactions between atoms so that continuum mechanics can have
limited success in describing discrete nanostructures. Furthermore, forces
that are completely irrelevant at the macroscale, van der Waals forces for
example, can dominate the nanoscale behaviour. As a consequence, size ef-
fects start to appear. The research community has been very active lately
trying to capture this behaviour by accounting for the nonlocal nature of the
phenomenon. Although such a claim can be made for the problems involv-
ing isothermal deformation processes, when the nonisothermal problems are
concerned the results are not so numerous. For a short review of the existing
nonisothermal models, see [8] for statical and [36] for dynamical problems.
The existing methods are almost exclusively based on gradient methods
and are applied to a variety of different problems, see [5, 21, 29–32] for a
start. As a cornerstone of most approaches, the assumption that the strain
gradient also contributes to the stress state in a point is utilized [18]. To tune-
up theoretical models to experimentally observed behaviour, the existence
of the so-called nonlocal (small-size) constitutive parameter is postulated.
However, the literature survey in [4] shows surprisingly low number of results
on determination of the nonlocal parameter obtained either by means of
an experimental or a theoretical procedure. The latter paper also shows
that nonlocal behaviour of the nanostructures do exists even in the case of
harmonic interatomic potential and may be attributed to the discrete nature
of the structure. Moreover, it demonstrates that the gradient methods have
difficulties matching simulated bending of carbon nanotubes.
A gradient method, widely adopted to describe size-dependent phenom-
ena in nanostructures, is based on Eringen differential model (EDM) asso-
ciated with the strain-driven nonlocal integral theory conceived in [12]. As
shown more than a decade ago [22], although nanosensors are usually de-
signed as a cantilever nanobeam with a tip force and nonlocal effects are
readily experimentally observed, EDM is not adequate to assess size effects.
Elastic responses associated with EDM are technically unacceptable, as dis-
cussed in [9–11, 14, 17]. Strain-driven nonlocal integral theory, introduced
and successfully adopted by Eringen to study (in unbounded domains) screw
dislocations and surface waves, is inapplicable to Structural Mechanics [24].
This conclusion is due to the fact that the elastostatic problem of a con-
tinuous structure defined on a bounded domain, formulated by the strain-
driven nonlocal integral model, admits no solution for all static schemes of
engineering interest. Nonlocal (strain-driven) stress fields in bounded struc-
tural domains are indeed not included in the affine manifold of equilibrated
stresses fields, as recognized in literature [2, 13, 15, 16, 19, 33–35, 37–39] on
the basis of the original contribution in [28]. All difficulties can be overcome
by resorting to the innovative stress-driven nonlocal integral theory recently
proposed by G. Romano and R. Barretta [25]. According to the stress-driven
approach, the nonlocal elastic strain field is the convolution between the
stress field and a suitable averaging kernel. Properties and merits of the
stress-driven strategy in comparison with strain-driven formulations can be
found in [26, 27]. Transverse free vibrations of Bernoulli-Euler nanobeams
are investigated in [1] by stress-driven integral approach.
The research at hand aims to provide a well-posed nonlocal integral for-
mulation of nanobeam mechanics in nonisothermal regime. It is assumed
that the nanobeam can be described by Bernoulli-Euler kinematics. This
kind of model has not been previously addressed in literature. The method
presents an extension of the contributions presented in [25] and therefore can
be categorized as a stress-driven model.
2. Kinematics of Nonisothermal Bernoulli-Euler Beams
This section will introduce the notation and provide well-known governing
equations that will serve as a starting point for the nonlocal integral formula-
tion introduced in §4. In the subsequent analysis, a straight nanobeam made
xz
y
Figure 1: Coordinate system of a Bernoulli-Euler nanobeam
of the material with the coefficient of thermal expansion α is considered.
The nanobeam’s cross-section Ω is assumed to lay in the y − z plane while
the longitudinal axis is denoted with x, Fig. 1. The longitudinal axis x is
assumed to pass through centroids of the cross-section. Due to the Bernoulli-
Euler assumption, only normal stresses directed along x axis exist and these
will be denoted by σ. To simplify elaborations and not to lose focus on the
central problem, bending in x− z plane will be considered. Finally, the axes
y and z are assumed to be the principal axes of inertia of the cross-section,
thus giving Iyz = 0. As usual, A is the area and Iy is the second moment of
area of the cross-section, respectively.
The displacement u = {ux, uy, uz} of any point of the beam can be eval-
uated as:
ux(x, z) = u(x, z) = u0(x) + ϕ(x)z, uz(x) = w(x), uy = 0, (1)
where ϕ(x) denotes the angle of rotation of the cross-section. As the above
equation indicates, the longitudinal displacement u is composed of two parts.
The first part u0 represents the average displacement of the cross section,
defined as:
u0(x) =
1
A
∫
Ω
u(x, z)dA. (2)
When introduced into the Eq.(2), the second part of displacement field ϕ(x)z
in Eq. (1) gives ϕ(x)
∫
Ω zdA = ϕ(x) Sz. If the origin of the axis z is positioned
on the symmetry line passing through the centroid of the cross-section, the
first moment of area Sz vanishes providing the result in Eq. (2).
Due to the Bernoulli-Euler assumption, the cross-section remains plane.
This effectively enforces vanishing shear strains, thus providing a link be-
tween the derivatives of the longitudinal and the transversal displacement
as:
0 = γxz(x) = ∂xw(x) + ∂zu(x, z) = w(1)(x) + ϕ(x), (3)
where Eq.(1)1 was utilized. The apex (n) denotes the n-th derivative with
respect to the longitudinal coordinate x. With the link between the transver-
sal displacement and the rotation established, the strains in a point can be
now conveniently obtained by differentiating the axial displacement field with
respect to the longitudinal coordinate as:
ε(x, z) = ∂xu(x, z) = u(1)0 (x) + ϕ(1)(x)z = u
(1)
0 (x)− w(2)(x)z. (4)
The above introduced kinematic framework can account for both isothermal
and nonisothermal class of problems.
Note that the normal strain can be additively separated into an axial and
a bending part. The axial part of the normal strain can be naturally intro-
duced as the centroidal normal strain by setting z = 0 in Eq. (4), providing:
ε0 = u(1)0 . (5)
Likewise, a standard procedure shows that the curvature χ of the deformed
axis of the beam is related to the transverse displacement w as:
w(2) = χ. (6)
This allows definition of the bending part of the normal strain as z χ(x).
Hence, the normal strain can be represented as:
ε(x, z) = ε0(x)− z χ(x). (7)
3. Stresses and Deflections in Local Nonisothermal Bernoulli-Euler
Beams
As this point, calculation of stresses in the local Bernoulli-Euler non-
isothermal beam should be summarized. The case in which the beam is
free from external mechanical loads, but subjected to the non-homogeneous
temperature field variation ∆θ(x, z) is considered. In such type of problems
stresses can arise as well. The first step involves separation of the normal
strain into a part that describes thermal dilatation due to free expansion
(or contraction) of a beam εth(x, z) = α∆θ(x, z) and the one caused by the
elastic effects εel(x, z) = σ(x, z)/E:
ε = εth + εel. (8)
It should be emphasized that only elastic (mechanical) part of the strain
is used to calculate stresses; free thermal elongation does not contribute to
stress evolution. Having in mind kinematics of the Bernoulli-Euler beam as
described in §2, the sum of thermal and elastic strain should equal axial and
bending deformation, Eq. (7):
α∆θ(x, z) + σ(x, z)
E
= ε0(x)− z χ(x), (9)
so the normal stress is obtained as σ(x, z) = −αE∆θ(x, z) + ε0(x)E −
zE χ(x). In the absence of external mechanical loading and upon intro-
duction of the normal stress, equilibrium equations provide the axial strain
and the curvature:
∫
Ω
σdA = 0 → ε0 = 1
AE
∫
Ω
αE∆θdA,∫
Ω
σzdA = 0 → χ = − 1
IyE
∫
Ω
αE∆θzdA.
(10)
With known ε0 and χ, the normal stress is rewritten as:
σ = −α∆θE +
∫
Ω
α∆θEdA
A
+
∫
Ω
αE∆θzdA
Iy
z, (11)
see classical textbooks on the subject [6, 20] for the in-depth discussion. On
the other side, if the beam is subjected to simultaneous action of mechanical
and thermal loads, the stresses are obtained by the simple superposition
procedure:
σ = −α∆θE +
N +
∫
Ω
α∆θEdA
A
+
M +
∫
Ω
αE∆θzdA
Iy
z, (12)
where N is the the axial force and M is the bending moment in the cor-
responding cross-section. The two integrals
∫
Ω α∆θEdA and
∫
Ω αE∆θzdA
are usually named as the thermal axial force Nth and the thermal bending
moment Mth.
The deflection line can be obtained using Eq. (6) and results Eq. (10)2,
thus providing the differential equation:
w(2) = −
M +
∫
Ω
αE∆θzdA
EIy
, (13)
accompanied by a suitable set of boundary conditions.
4. Stress-driven nonlocal thermoelasticity
The framework described so far should be now extended to account for
nonlocality present at the nanoscale level. The first step again involves sepa-
ration of the strain into a part that describes dilatation due to free expansion
(or contraction) of a beam εth(x, z) = α∆θ(x, z) and the one caused by the
stresses εel, Eq. (8). In contrast to the earlier works on the nonlocal beam
mechanics cited in the Introduction, the present approach is stress-driven.
Accordingly, the elastic strains originating from stresses are assumed to be
of the nonlocal nature and defined as a convolution [26]:
εel(x, z) =
∫ L
0
φ(x− ξ)E−1σ(ξ, z)dξ, (14)
where the kernel function φ(x) is
φ(x) = 12Lλ
exp(−|x|
Lλ
). (15)
The characteristic length is defined as Lλ = λL > 0, i.e. as the product
of the nonlocal parameter λ > 0 and the beam’s length L. Due to the
exponential nature of the kernel function, the nonlocal effects in the vicinity
of the corresponding point have significantly more influence on the strain
than points situated at larger distance. Note that above assumption accounts
only for nonlocality in the longitudinal direction. Variation of stresses in the
transverse directions does not contribute to the nonlocal normal strain in the
present formulation.
Since the decomposition Eq. (7) remains valid, the normal strain provides
the equality:
α∆θ(x, z) +
∫ L
0
φ(x− ξ)E−1σ(ξ, z)dξ = ε0(x)− z χ(x), (16)
where the thermal strain and the nonlocal elastic strain definition were used.
If the latter equation is integrated over the cross section, it follows:
∫
Ω
α∆θ(x, z)dA+
∫
Ω
∫ L
0
φ(x− ξ)E−1σ(ξ, z)dξdA =
∫
Ω
ε0(x)dA−
∫
Ω
z χ(x)dA.
(17)
The proposition that the cross-section axes are central and principal axes
imply that the second term on the right hand side vanishes. In the second
term on the left hand side, the equilibrium equation
∫
Ω σdA = N can be
employed. This yields:
ε0(x) =
1
A
{∫
Ω
α∆θ(x, z)dA+
∫ L
0
φ(x− ξ)E−1N(ξ)dξ
}
. (18)
In the same manner, multiplication of Eq. (16) by the transverse coordinate
z, the equilibrium equation
∫
Ω σzdA = M and subsequent integration over
the cross section will provide the curvature as:
χ(x) = − 1
Iy
{∫
Ω
α∆θ(x, z)zdA+
∫ L
0
φ(x− ξ)E−1M(ξ)dξ
}
. (19)
Obviously, the equilibrium conditions are explicitly enforced in the formula-
tion. In order to simplify notation, at this point we introduce the following
functions:
ΦN(x) =
1
A
∫
Ω
α∆θ(x, z)dA, ΦM(x) =
1
Iy
∫
Ω
α∆θ(x, z)zdA. (20)
Now, accounting for Eq. (5, 6), a decoupled system of ordinary differential
equations governing nonlocal mechanical behaviour of the nanobeam is ob-
tained:
u
(1)
0 − ΦN =
∫ L
0
φ(x− ξ)N(ξ)
EA
dξ,
−w(2) − ΦM =
∫ L
0
φ(x− ξ)M(ξ)
EIy
dξ.
(21)
The solutions of the above integrals are provided in [23]. For the average
axial displacement this is:
N
L2λEA
= Φ(2)N − u(3)0 +
1
L2λ
(
u
(1)
0 − ΦN
)
. (22)
This differential equation must be augmented with the constitutive boundary
conditions:
u
(2)
0 (0)− Φ(1)N (0)−
1
Lλ
(
u
(1)
0 (0)− ΦN(0)
)
= 0,
u
(2)
0 (L)− Φ(1)N (L) +
1
Lλ
(
u
(1)
0 (L)− ΦN(L)
)
= 0.
(23)
For the proof of the above integral to differential transformation, see Re-
mark 1 below for a detailed explanation. Even in the isothermal problems,
the boundary conditions are of the constitutive character since they include
a material property - the nonlocal parameter Lλ. In the nonisothermal prob-
lems, an additional material property is included in ΦN and ΦM, the coefficient
of heat expansion α.
The transverse displacements can be dealt with in the same manner:
M
L2λEIy
= w(4) + Φ(2)M +
1
L2λ
(−w(2) − ΦM), (24)
with the boundary conditions:
−w(3)(0)− Φ(1)M (0)−
1
Lλ
(
−w(2)(0)− ΦM(0)
)
= 0,
−w(3)(L)− Φ(1)M (L) +
1
Lλ
(
−w(2)(L)− ΦM(L)
)
= 0.
(25)
If the problem is statically indeterminate, the set of differential equations
Eqs.(22, 24) and boundary conditions Eqs.(23, 25) can be solved upon provid-
ing additional kinematic or static boundary conditions used in the standard
beam theory.
Remark 1. The equivalence of Eq. (21)1 and Eqs. (22, 23) is obtained
by utilizing results [23]. However, the procedure in [23] demonstrates only
necessity of existence of these conditions. To provide uniqueness of the so-
lution, the proof in [25] in now generalized and applied to the problem at
hand. In particular, consider an integral function:
f(x) =
∫ x2
x1
φ(x− y)g(y)dy, where φ(x− y) = 12Lλ exp(−
|x− y|
Lλ
), (26)
where Lλ is a constant. In the first step, the above integral is additively
separated into two parts:
f1(x) =
∫ x
x1
φ(x− y)g(y)dy =
∫ x
x1
1
2Lλ
exp(y − x
Lλ
)g(y)dy,
f2(x) =
∫ x2
x
φ(x− y)g(y)dy =
∫ x2
x
1
2Lλ
exp(x− y
Lλ
)g(y)dy,
(27)
i.e., f(x) = f1(x) + f2(x). In that way, the modulus in the kernel function
φ(x − y) is removed. This implies following values of these functions at the
boundary:
f2(x1) = f(x1), f1(x1) = 0,
f1(x2) = f(x2), f2(x2) = 0.
(28)
By virtue of the Leibniz integral rule, differentiation of Eq. (27) with respect
to the longitudinal coordinate provides:
f ′1(x) =
1
2Lλ
g(x)− 1
Lλ
∫ x
x1
1
2Lλ
exp(y − x
Lλ
)g(y)dy = 12Lλ
g(x)− 1
Lλ
f1(x),
f ′2(x) = −
1
2Lλ
g(x) + 1
Lλ
∫ x2
x
1
2Lλ
exp(x− y
Lλ
)g(y)dy = − 12Lλ g(x) +
1
Lλ
f2(x).
(29)
Thus, the first derivative f ′(x) is then:
f ′(x) = f ′1(x) + f ′2(x) =
1
Lλ
(f2(x)− f1(x)). (30)
In the same manner, second derivatives are:
f ′′1 (x) =
1
2Lλ
g′(x)− 12L2λ
g(x) + 1
L2λ
∫ x
x1
1
2Lλ
exp(y − x
Lλ
)g(y)dy
f ′′2 (x) = −
1
2Lλ
g′(x)− 12L2λ
g(x) + 1
L2λ
∫ x2
x
1
2Lλ
exp(x− y
Lλ
)g(y)dy.
(31)
Now, f ′′(x) = f ′′1 (x) + f ′′2 (x) gives:
1
L2λ
g(x) = 1
L2λ
f(x)− f ′′(x). (32)
The necessary boundary conditions are obtained from values of functions at
the boundary, Eqs. (28) and the first derivative Eq. (30) as:
f ′(x1) =
1
Lλ
f(x1), f ′(x2) = − 1
Lλ
f(x2). (33)
To prove the uniqueness of the solution, the solution of the homogeneous
part of Eq. (32) is sought:
f(x)− L2λf ′′(x) = 0. (34)
The general form of the solution to the above differential equation is:
f(x) = C1 + C2ex/L
2
λ . (35)
Enforcement of the boundary conditions Eq. (33) results in:
1
L2λ
C2e
x1/L2λ = 1
Lλ
(C1 + C2ex1/L
2
λ),
1
L2λ
C2e
x2/L2λ = − 1
Lλ
(C1 + C2ex2/L
2
λ).
(36)
Determination of constants C1 and C2 from the above system gives trivial
solution. Now, if there are two solutions to the non-homogeneous problem
Eq. (32) and they are denoted as F1(X) and F2(x), then the difference of
two solutions must give solution of the homogeneous problem:
F1(x)− F2(x) = C1 + C2ex/L2λ , (37)
what upon enforcement of trivial solution ensures:
F1(x) = F2(x), (38)
i.e. that the initial assumption about two different solutions was false and
that only one solution exists. This proves uniqueness of the solution.
Remark 2. After determination of the displacement fields, calculation
of stresses is straightforward. Namely, Eq. (16) can be transformed by intro-
ducing kinematic constraints Eq. (5, 6) into:
∫ L
0
φ(x− ξ)E−1σ(ξ)dξ = −α∆θ(x, z) + u(1)0 (x)− z w(2). (39)
The stress field now follow as
σ(x, z) = E
{
−L2λ((−α∆θ(x, z))(2) + u(3)0 (x)− z w(4))− α∆θ(x, z) + u(1)0 (x)− z w(2)
}
,
(40)
while the accompanying constitutive boundary conditions of type Eq. (23,
25) were already accounted for in the evaluation of displacement fields.
In the absence of external forces, the thermal stresses can be alterna-
tively evaluated from the convolution Eq. (16), along with Eqs. (18, 19) and
definitions of Eq. (20) by setting N = 0,M = 0:
∫ L
0
φ(x− ξ)E−1σ(ξ)dξ = −α∆θ(x, z) + ΦN(x)− z ΦM(x). (41)
Thermal stresses are now:
σ = E
{
−L2λ((−α∆θ(x, z))(2) + Φ(2)N (x)− z Φ(2)M (x))− α∆θ(x, z) + ΦN(x)− z ΦM(x)
}
.
(42)
It is easy to verify that if the product α∆θ is constant, thermal stresses do
not arise. The similar result follows in some other situations. For instance,
when the temperature field is independent of the transverse coordinate z and
simultaneously linearly dependent on the longitudinal coordinate x (vice-
versa is also true).
5. Examples
To illustrate behaviour of the proposed methodology, several examples are
considered. Introductory examples are simpler providing an interpretation of
familiar topics from the standard courses of mechanics. Subsequently, more
complex examples are given. The examples are solved by the aid of Wolfram
Mathematica software.
5.1. Simultaneous action of uniform temperature and axial force
A homogeneous beam of a symmetric cross-section of area A and Young’s
modulus E is subjected to a uniform temperature change ∆θ. At x = 0
beam’s expansion is constrained, u0 = 0. Otherwise the beam can expand
freely. It is additionally loaded with the tensile longitudinal force P at the
beam’s other end, x = L. It is necessary to determine the extension and
stresses in the beam.
Due to symmetricity of the cross section, first moment of the area Sy
vanishes. Thus, functions ΦN(x) and ΦM(x), Eqs.(20) are:
ΦN(x) =
1
A
∫
Ω
α∆θdA = α∆θ, ΦM(x) =
1
Iy
∫
Ω
α∆θzdA = 0. (43)
Since ΦM(x) = 0, the transverse displacement w equals zero for the whole
domain. On the other side, the elastic (mechanical) axial force field is non-
vanishing, homogeneous and equal to N = P . Equilibrium ensures that the
internal force is not a function of axial coordinate, N 6= f(x), so the axial
displacement Eq.(21) is:
u
(1)
0 (x) = α∆θ +
∫ L
0
φ(x− ξ) P
EA
dξ, (44)
where Eq. (43)1 was used. The solution follows from Eq.(22) :
P
EA
+ α∆θ = −L2λu(3)0 + u(1)0 , (45)
where (α∆θ)(2) = 0 due to constant heat expansion coefficient and temper-
ature. This can be augmented with the constitutive boundary conditions
Eq. (23):
u
(2)
0 (0)−
1
Lλ
(
u
(1)
0 (0)− α∆θ
)
= 0,
u
(2)
0 (L) + 1Lλ
(
u
(1)
0 (L)− α∆θ
)
= 0.
(46)
Integration of the above problem yields:
u0(x) = α∆θx+
Px
EA
− Lλ P2EA
(
e
x
Lλ − 1
)(
e
−x
Lλ + e
−L
Lλ
)
. (47)
The first and the second part represent the well-known local result while the
third part accounts for the nonlocality. To provide a graphical insight into
distribution of the axial displacement, values P = 1, L = 1, EA = 1, α =
0.1,∆θ = 0.1 are chosen. Results for different values of λ are given in Fig. 2.
A slight deviation from the linear distribution is noticeable at the beam’s
ends. The continuous reduction of the axial displacement under constant
loading with the increase of the nonlocal parameter implies that increase of
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Figure 2: Distribution of u0 along the beam loaded with the axial force and uniform
temperature for various values of λ
the nonlocal parameter effectively increases the beam stiffness.
The nonlocal strain is obtained by differentiation as:
ε = ∂xu0 = α∆θ +
P
AE
− P2AE
(
e
x−L
Lλ + e
−x
Lλ
)
. (48)
Straightforward application of the Remark 2 enables simple calculation of
stress from the equilibrium equation as σ = P/A. So, although the obtained
stress is equal to the local solution, the resulting strain and elongation are
distinctly nonlocal.
Finally, the resulting axial displacement field could be solved by resorting
to analysis of two decoupled problems. In particular, one can solve for ther-
mal displacements in the first step, while the second step involves solution
due to action of mechanical loading. The total solution is obtained as a linear
combination of these results.
5.2. Uniformly heated doubly clamped beam
In this example, a doubly clamped beam of similar geometrical and ma-
terial properties like in the previous example is considered. The beam is
clamped at both ends so it cannot expand. The total axial deformation is
u0(x) = u0,th(x) + u0,el(x) = α∆θx+ u0,el(x), (49)
where the second - elastic part reflects the nonlocality caused by the reactions
P in supports. Also, the axial force does not change along the beam, so
N = P = const. Introducing nonlocality for the elastic part in the same
manner as in Example 5.1 and exploiting Eq. (49), gives:
u
(1)
0 (x)− α∆θ =
∫ L
0
φ(x− ξ) P
EA
dξ. (50)
Considering Eq.(22), the problem can be now stated as:
P
EA
+ α∆θ = −L2λ(u0)(3) + (u0)(1), (51)
augmented with two boundary conditions:
u
(2)
0 (0)−
1
Lλ
(u(1)0 (0)−α∆θ) = 0, u(2)0 (L)+
1
Lλ
(u(1)0 (L)−α∆θ) = 0. (52)
Additionally, since the beam is clamped it must be u0(0) = 0. The differential
equation is of the third order, so only three boundary conditions can be
accounted for at this point. The remaining one, u0(L) = 0, will be introduced
at the later stage. Because this problem has the identical structure as the one
in Example 5.1, resulting displacement distribution is identical, cf. Eq.(47):
u0(x) = α∆θx+
P
EA
x− Lλ P2EA
(
e
x
Lλ − 1
)(
e
−L
Lλ + e
−x
Lλ
)
, (53)
with the difference that this equation contains unknown constant - reaction
P . The reaction can be determined by exploiting condition u0(L) = 0 in
Eq. (53), giving:
P = − α∆θAELe
L/Lλ
eL/Lλ(L− Lλ) + Lλ . (54)
Introducing the reaction P into Eq. (53) gives the final distribution of the
axial displacement:
u0(x) = −
α∆θLλ
(
−Le xLλ +
(
e
L
Lλ − 1
)
(2x− L) + LeL−xLλ
)
2(e
L
Lλ (L− Lλ) + Lλ)
. (55)
Contrary to the statically determine Example 5.1, this solution involves cou-
pled thermal and elastic part that cannot be separated into two decoupled
problems in the manner suggested in the former example.
To present results graphically, the same parameters as in Example 5.1
were used. Obtained total axial displacements u0 are given in Fig. 3 for
a set of nonlocal parameters. Since the local formulation will lead toward
homogeneous solution u0(x) = 0 (simulated here with λ = 0.0001), the
effect of nonlocality is evident through the non-homogeneous displacement
field. Inspection of Fig. 3 reveals that the nanobeam appears to initially
becomes more flexible manifested by larger axial displacements, but after
some threshold value of the nonlocal parameter, it becomes more rigid. It
is also interesting to note that the nonlocal solution for the increasing value
of the nonlocal parameter (λ = 10) converge to the local solution (λ = 0).
The three-dimensional representation, Fig. 4, shows that the lowest turning
point is slightly below λ = 0.2. The starting softening behaviour is due to
the fact that the local axial displacements are vanishing, so that for small
values of λ the nonlocal axial displacements are different from zero but as λ
tends to infinity the stress-driven total deformation goes to zero. A starting
soft behaviour must be associated with any nonlocal model (strain-driven
or stress-driven formulations) since local displacement (in this example) are
vanishing. Similar behaviour was previously noticed in [26] in the bending
of a beam. An important conclusion observed from the present example is
that the terms "stiffer" and "softer" (widely used in literature) with respect
to the nonlocal parameter are often misleading and often meaningless. This
observation is motivated from the fact that the nonlocal total deformation is
a field, so that the sign changes are often unpredictable.
Results presented in the previous example showed that increase in the
nonlocal parameter will increase the nanobeam stiffness. However, in this
example, the nonlocal elastic shortening at the nanobeam ends must match
the thermal elongation that has the local character. This means the support
reactions cannot remain constant but have to increase as well in order to
compensate for increased stiffness due to λ. Fig. 5 clearly illustrates this de-
pendency on the nonlocal parameter. Therefore, due to presence of additional
kinematical constraints that relate nonlocal kinematical quantity (mechanical
shortening due to support reactions) to a local kinematical quantity (ther-
mal elongation) in statically indeterminate problems, one inevitably obtains
reactions that depend on the constitutive behaviour. The same constitutive
dependence can be observed even in the local case, where support reactions
depend on the coefficient of heat expansion.
Note that curve P vs. λ is initially slightly curved and later almost linear,
Fig. 5. This can be explained by a careful analysis of Eq. (53). In partic-
ular, the first and the second term are linear, while the third is nonlinear.
Hence, the third term is responsible for reduction/increase of stiffness. For
the smaller values of λ, the third term has some influence, visible as the
initial nonlinearity in Fig. 5. As λ increases, exponential terms change only
slightly so the third term becomes almost a constant. As a consequence, the
sum of the second and the third term tends to be a linear form for larger λ.
A comparison of behaviour of the third term for a constant value of P (i.e.
Example 5.1) and for a variable one from the present example is provided
in Fig. 6. Such behaviour was not noticed in [3] in the isothermal statically
indeterimine problems, where monotonic increase in the nanobeam stiffness
with the increase in the nonlocal parameter was observed. The principal dif-
ference between these two cases is the fact that in the isothermal statically
indetermine problems only prescribed displacement in a point (usually equal
to zero) is given. In the present case, a part of solution (thermal elongation)
is known in advance for the whole domain, so this could be considered as an
additional constraint on the allowable forms of axial displacement.
The normal strain ε(x) distribution is given in Fig. 7. Since the local
formulation results in the homogeneous normal strain field, in the present
case nonlocal behaviour for λ = 0.1 is clearly visible once more. Inset in the
top right corner presents the homogeneous stress field as obtained from this
formulation.
5.3. Bending of a nonlocal beam due to nonuniform temperature field in the
transverse direction
In this example, the identical problem as in [7] in considered, thus pro-
viding a basis for comparison of the gradient and the integral approach.
The cantilever beam’s length is L, while the rectangular cross-section is de-
fined by the height h and the width b. The temperature field is given as
θ(z) = θ0 + a1ea2(z+
h
2 ), where a1 and a2 are constants defining distribution
of temperature. The beam is not loaded by a mechanical load in any way.
Thus, due to its nonlinear temperature dependency on the transverse coor-
dinate, the nanobeam will exhibit in-plane bending. It will be assumed that
the initial temperature was homogeneous and equal to zero, θ0 = 0.
Functions ΦN and ΦM, Eq. (20), are obtained from the provided temper-
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Figure 3: Distribution of u0 along the doubly clamped beam loaded with uniform temper-
ature for various values of λ
Figure 4: A three-dimensional detail of distribution of u0 along the doubly clamped beam
loaded with uniform temperature for λ ∈ 〈0, 0.4]
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Figure 5: Dependence of the reaction in supports P on the nonloal parameter λ.
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Figure 6: Dependence of the third term in Eq. (53) on λ for a constant axial force and the
one where P is dependent on the nonlocal parameter.
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Figure 7: Distribution of the normal strain ε along the doubly clamped beam loaded with
uniform temperature, λ = 0.1, lateral view. Inset in the top right corner - normal stress
distribution σ = −1.33 used to obtain the normal strain.
ature field as:
ΦN = 1A
∫
Ω α∆θdA =
αa1(ea2h−1)
a2h
,
ΦM = 1Iy
∫
Ω α∆θzdA =
6αa1(a2h+ea2h(a2h−2)+2)
a22h3
.
(56)
Since the temperature field does not depend on the longitudinal coordinate,
both functions are reduced to constants and their derivatives will vanish.
Also, due to absence of external mechanical loads M = 0. The transverse
displacement is the solution of differential equation Eq. (24):
0 = L2λw(4) − w(2) − ΦM, (57)
augmented with the boundary conditions, Eq. (25):
−w(3)(0)− 1
Lλ
(
−w(2)(0)− ΦM
)
= 0,
−w(3)(L) + 1
Lλ
(
−w(2)(L)− ΦM
)
= 0,
w(0) = 0, w′(0) = −ϕ(0) = 0.
(58)
The solution of the above problem is:
w(x) = −3αa1(e
a2h(a2h−2)+a2h+2)
a22h3
x2, (59)
what is identical to the solution based on the gradient formulation, cf. [7].
The same conclusion can be stated for the rotation:
ϕ(x) = −∂xw(x) =
6αa1
(
ea2h(a2h− 2) + a2h+ 2
)
a22h3
x. (60)
The average axial displacement follows from the differential equation, Eq. (22):
ΦN = −L2λu(3)0 + u(1)0 , (61)
with the boundary conditions:
u
(2)
0 (0)− 1Lλ (u
(1)
0 (0)− ΦN) = 0, u(2)0 (L) + 1Lλ (u
(1)
0 (L)− ΦN) = 0, u0(0) = 0.
(62)
The solution is:
u0 =
a1αx
(
ea2h − 1
)
a2h
, (63)
what again corresponds to the gradient solution. Obviously, the integral
formulation does not show nonlocal behaviour as well, due to particular tem-
perature distribution and absence of external mechanical loading.
Stress can be conveniently determined by application of Eq. (42). Since
the temperature field is independent of the longitudinal coordinate, the ex-
pression is reduced to:
σ(x, z) = E {−α∆θ(x, z) + ΦN(x)− z ΦM(x)} . (64)
This finally yields:
σ(z) = αa1E
−ea2(z+h2 ) + ea2h − 1a2h −
6z
(
a2h+ ea2h(a2h− 2) + 2
)
a22h
3
 .
(65)
As expected, the stresses are not affected by nonlocality and should be ob-
tained from the local form, Eq. (12) as well. The thermal axial force and the
thermal bending moment are evaluated as:
Nth =
∫
Ω α∆θEdA =
αa1bE(ea2h−1)
a2
,
Mth =
∫
Ω αE∆θzdA =
αa1bE(a2h+ea2h(a2h−2)+2)
2a22
.
(66)
The above results introduced in Eq. (12) provides desired verification. Note
that stress dependency on the nonlocal parameter could be obtained if ∂2xΦN
and ∂2xΦM does not vanish, Eq. (42).
5.4. Nonuniform heating of a doubly clamped beam
In this example a doubly clamped beam L = 100 nm long is considered.
The cross-section is situated in y− z plane and is assumed to be of a square
shape with height h = 1 nm and width b = 1 nm. The Young’s modulus
is E = 1 nN/nm2. The coefficient of thermal expansion is α = 1 1/K. The
temperature increase varies along the beam as:
θ(x, z) =
a0x
2
(
h
2 + z
)2
h2
, (67)
where a0 = 1 K/nm2. Consequently, temperature is a function of both lon-
gitudinal coordinate x and the transverse coordinate z. Note that the plane
z = −h/2 does not expand due to temperature variation. As a consequence,
ΦN and ΦM are now functions of x:
ΦN(x) =
1
3a0αx
2, ΦM(x) =
1
h
a0αx
2, (68)
and their first and second derivative do not vanish. At the coordinate sys-
tem’s origin x = 0, both functions and their derivatives take null values.
The bending moment and the axial force are distributed as follows:
M = MA + PAzx, N = PAx, (69)
where MA, PAx, PAz are unknown bending moment and reaction forces in
the support A. Equilibrium constraints provide additional equations for de-
termination of the reactions at the support B. Initially, distribution of the
transverse displacements will be determined from the differential equation
Eq. (24):
M
EIy
= L2λ
{
w(4) + Φ(2)M
}
−
(
w(2) + ΦM
)
, (70)
augmented with the boundary conditions:
w(3)(0)− 1
Lλ
w(2)(0) = 0,
w(3)(L) + Φ(1)M (L) + 1Lλ
(
w(2)(L) + ΦM(L)
)
= 0.
w(0) = 0, w′(0) = −ϕ(0) = 0.
(71)
Since the differential equation is of the fourth order, only four bound-
ary conditions can be specified at this point. This will provide a solution
that involves unknown reactions in support A, MA and PAz. To determine
unknown reactions, the remaining boundary conditions in the support B,
v(L) = 0, v′(L) = −ϕ(L) = 0, have to be exploited. Determination of these
can be also suitably performed by Wolfram Mathematica, but due to lengthy
forms, support reactions and deflection line equations are not reported. It is
just pointed out that reactions show dependence on the nonlocal parameter
in the line with the discussion in Example 5.2.
As for the axial displacements, these can be determined from Eq. (22) as:
N
EA
= −L2λ
{
u
(3)
0 − Φ(2)N
}
+ u(1)0 − ΦN, (72)
together with the boundary conditions:
u
(2)
0 (0)− 1Lλu
(1)
0 (0) = 0,
u
(2)
0 (L)− Φ(1)N (L) + 1Lλ
(
u
(1)
0 (L)− ΦN(L)
)
= 0,
u0(0) = 0.
(73)
The solution includes unknown axial reaction PAx at the support A. This
reaction follows from u0(L) = 0.
The main results are summarized in Figs. (8-13). To make figures more
easier to interpret, the length was normalized and denoted with an overbar.
The minimal value for λ serves as the limit case that corresponds to the clas-
sical Bernoulli-Euler local solution. Similarly to Example 5.2, the nanobeam
behaviour tends to be more flexible until a certain threshold is reached and
subsequently converge to another, more rigid curve.
The solution for the axial displacement u(x, z) is graphically presented in
Fig. 12 for a selected value of the nonlocal parameter. Provided distribution
shows that boundary conditions are fulfilled at the left and right support.
The maximal longitudinal displacement occurs at approximately 60% of the
beam’s length.
Finally, Fig. 13 provides an insight into distribution of the nonlocal strain
ε(x, z). Compared to the more simpler case in Example 5.2, Fig. 7, the
normal strain shows significantly more complex pattern. The accompanying
stress field is presented in Fig. 14. Note that the local solution for stresses
would provide the same distribution as for the normal strain with a difference
being only due to multiplication by Young’s modulus E. Difference in the
distribution pattern in Fig. 13 and Fig. 14 clearly indicates the nonlocal
behaviour.
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Figure 8: Distribution of the axial displacement u0 along the doubly clamped beam loaded
with the non-uniform temperature for λ ∈ {10−4, 0.05, 0.25, 5, 10} nm
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Figure 9: Distribution of the transverse displacement v along the doubly clamped beam
loaded with the non-uniform temperature for λ ∈ {10−4, 0.05, 0.25, 5, 10} nm
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Figure 10: Distribution of the bending angle ϕ along the doubly clamped beam loaded
with the non-uniform temperature for λ ∈ {10−4, 0.05, 0.25, 5, 10} nm
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Figure 11: Distribution of the curvature χ along the doubly clamped beam loaded with
the non-uniform temperature for λ ∈ {10−4, 0.05, 0.25, 5, 10} nm
Figure 12: Distribution of the axial displacement u(x, z) along the doubly clamped beam
loaded with the non-uniform temperature, lateral view. λ = 0.25 nm
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Figure 13: Distribution of the normal strain ε = εth+ εel along the doubly clamped beam
loaded with the non-uniform temperature, lateral view. λ = 0.25 nm
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Figure 14: Distribution of the normal stress σ along the doubly clamped beam loaded
with the non-uniform temperature, lateral view. λ = 0.25 nm
6. Conclusions
A new thermoelastic integral model for nanobeams has been developed by
adopting the nonlocal elasticity theory by G. Romano and R. Barretta [25].
Effectiveness of the presented methodology has been tested by examining
selected case-studies.
Some closing remarks are collected below.
1. The new stress-driven integral thermoelastic law, equipped with the
averaging kernel introduced by Helmholtz, is equivalent to a set of dif-
ferential equations and to suitable higher-order constitutive boundary
conditions.
2. The example section also demonstrates that thermoelastic nonlocal so-
lutions do not necessarily lead toward gradually stiffer solution for in-
creasing values of the nonlocal parameter. Such behaviour has been
displayed in statically indeterminate structures. Otherwise, solutions
show monotonically increasing stiffness like in isothermal cases.
3. Since the present method is stress-driven, the dependence of the bound-
ary conditions on the constitutive behaviour is circumvented in the
statically determine problems, as demonstrated in earlier researches
within isothermal framework. As discussed in Example 5.2 and further
confirmed in Example 5.4, in the statically indeterminate cases the reac-
tions still show dependence on the nonlocal parameter due to coupling
of the local (thermal expansion/contraction) and nonlocal (mechanical)
terms.
4. Having latter remark in mind, proposed formulation can be considered
as the mixed local-nonlocal approach.
7. Acknowledgements
This work has been supported in part by Croatian Science Foundation
under the project no. 6876 - Assessment of structural behaviour in limit state
operating conditions and in part under the project ReLUIS - Italian Depart-
ment of the Civil Protection 2017. This support is gratefully acknowledged.
References
References
[1] Apuzzo, A., Barretta, R., Luciano, R., Marotti de Sciarra, F., Penna,
R., 2017. Free vibrations of Bernoulli-Euler nano-beams by the stress-
driven nonlocal integral model. Composites Part B: Engineering 123,
105–111.
[2] Barati, M., 2017. On wave propagation in nanoporous materials. Int. J.
Eng. Sci. 116, 1–11.
[3] Barretta, R., Čanađija, M., Feo, L., Luciano, R., Marotti de Sciarra,
F., Penna, R., 2017. Exact solutions of inflected functionally graded
nano-beams in integral elasticity. submitted.
[4] Barretta, R., Brčić, M., Čanađija, M., Luciano, R., Marotti de Scia-
rra, F., 2017. Application of gradient elasticity to armchair carbon nan-
otubes: Size effects and constitutive parameters assessment. Eur. J.
Mech. A. Solids 65, 1–13.
[5] Barretta, R., Canadija, M., Marotti de Sciarra, F., 2015. A higher-
order Eringen model for Bernoulli–Euler nanobeams. Archive of Applied
Mechanics.
[6] Boley, B. A., Weiner, J. H., 1967. Theory of thermal stresses. John Wiley
Sons.
[7] Canadija, M., Barretta, R., Marotti de Sciarra, F., 2016. A gradient
elasticity model of Bernoulli-Euler nanobeams in non-isothermal envi-
ronments. European Journal of Mechanics, A/Solids 55, 243–255.
[8] Canadija, M., Barretta, R., Marotti de Sciarra, F., 2016. On functionally
graded Timoshenko nonisothermal nanobeams. Compos. Struct. 135,
286–296.
[9] Challamel, N., Reddy, J., Wang, C., 2016. Eringen’s stress gradient
model for bending of nonlocal beams. J. Eng. Mech. 142 (12), 04016095.
[10] Challamel, N., Wang, C., 2008. The small length scale effect for a
non-local cantilever beam: a paradox solved. Nanotechnology 19 (34),
345703.
[11] Eptaimeros, K., Koutsoumaris, C. C., Tsamasphyros, G., 2016. Nonlocal
integral approach to the dynamical response of nanobeams. Int. J. Mech.
Sci. 115, 68–80.
[12] Eringen, A., 1983. On differential equations of nonlocal elasticity and
solutions of screw dislocation and surface waves. J. Appl. Phys. 54 (9),
4703–4710.
[13] Fathi, M., Ghassemi, A., 2017. The effects of surface stress and nonlo-
cal small scale on the uniaxial and biaxial buckling of the rectangular
piezoelectric nanoplate based on the two variable-refined plate theory.
Journal of the Brazilian Society of Mechanical Sciences and Engineering
39, 3203–3216.
[14] Fernández-Sáez, J., Zaera, R., Loya, J., Reddy, J., 2016. Bending of
Euler–Bernoulli beams using Eringen’s integral formulation: a paradox
resolved. Int. J. Eng. Sci. 99, 107–116.
[15] Fernández-Sáez, J., Zaera, R., 2017. Vibrations of Bernoulli-Euler beams
using the two-phase nonlocal elasticity theory. Int. J. Eng. Sci. 119, 232–
248.
[16] Karami, B., Shahsavari, D., Janghorban, M., Li, L., 2018. Wave dis-
persion of mounted graphene with initial stress. Thin-Walled Structures
122, 102–111.
[17] Koutsoumaris, C., Eptaimeros, K., Tsamasphyros, G., 2016. A different
approach to Eringen’s nonlocal integral stress model with applications
for beams. Int. J. Solids Struct. 112, 222–238.
[18] Marotti de Sciarra, F., Barretta, R., 2014. A gradient model for Timo-
shenko nanobeams. Physica E 62, 1–9.
[19] Morassi, A., Fernández-Sáez, J., Zaera, R., Loya, J., 2017. Resonator-
based detection in nanorods. Mech. Syst. Sig. Process. 93, 645–660.
[20] Noda, N., Hetnarski, R., Tanigawa, Y., 2003. Thermal Stresses. Taylor
& Francis.
[21] Papargyri-Beskou, S., Tsepoura, K., Polyzos, D., Beskos, D., 2003.
Bending and stability analysis of gradient elastic beams. Int. J. Solids
Struct. 40 (2), 385–400.
[22] Peddieson, J., Buchanan, G. R., McNitt, R. P., 2003. Application of
nonlocal continuum models to nanotechnology. Int. J. Eng. Sci. 41 (3),
305–312.
[23] Polyanin, A. D., Manzhirov, A. V., 1998. Handbook of integral equa-
tions. CRC, Boca Raton, FL.
[24] Romano, G., Barretta, R., 2016. Comment on the paper “Exact solution
of Eringen’s nonlocal integral model for bending of Euler–Bernoulli and
Timoshenko beams” by Meral Tuna & Mesut Kirca. Int. J. Eng. Sci.
109, 240 – 242.
[25] Romano, G., Barretta, R., 2017. Nonlocal elasticity in nanobeams: the
stress-driven integral model. Int. J. Eng. Sci. 115, 14–27.
[26] Romano, G., Barretta, R., 2017. Stress-driven versus strain-driven non-
local integral model for elastic nano-beams. Composites Part B: Engi-
neering 114, 184–188.
[27] Romano, G., Barretta, R., Diaco, M., 2017. On nonlocal integral models
for elastic nano-beams. Int. J. Mech. Sci. 131–132, 490–499.
[28] Romano, G., Barretta, R., Diaco, M., Marotti de Sciarra, F., 2017.
Constitutive boundary conditions and paradoxes in nonlocal elastic
nanobeams. Int. J. Mech. Sci. 121, 151–156, b.
[29] Romanoff, J., Reddy, J., Jelovica, J., 2016. Using non-local Timoshenko
beam theories for prediction of micro-and macro-structural responses.
Compos. Struct. 156, 410–420.
[30] Sedighi, H., 2014. The influence of small scale on the pull-in behavior
of nonlocal nanobridges considering surface effect, Casimir and van der
Waals attractions. International Journal of Applied Mechanics 6 (3).
[31] Sedighi, H. M., 2014. Size-dependent dynamic pull-in instability of vi-
brating electrically actuated microbeams based on the strain gradient
elasticity theory. Acta Astronaut. 95, 111–123.
[32] Simsek, M., Yurtcu, H., 2013. Analytical solutions for bending and
buckling of functionally graded nanobeams based on the nonlocal Tim-
oshenko beam theory. Compos. Struct. 97, 378–386.
[33] Sourki, R., Hosseini, S., 2017. Coupling effects of nonlocal and mod-
ified couple stress theories incorporating surface energy on analytical
transverse vibration of a weakened nanobeam. The European Physical
Journal Plus 132, 184.
[34] Vila, V., Fernández-Sáez, J., Zaera, R., 2017. Nonlinear continuum mod-
els for the dynamic behavior of 1d microstructured solids. Int. J. Solids
Struct. 117, 111–122.
[35] Xu, X.-J., Zheng, M.-L., Wang, X.-C., 2017. On vibrations of nonlo-
cal rods: Boundary conditions, exact solutions and their asymptotics.
International Journal of Engineering Science 119, 217–231.
[36] Zenkour, A., Abouelregal, A., Alnefaie, K., Abu-Hamdeh, N., Aifantisb,
E., 2014. A refined nonlocal thermoelasticity theory for the vibration of
nanobeams induced by ramp-type heating. Appl. Math. Comput. 248,
169 – 183.
[37] Zhang, Y., 2017. Frequency spectra of nonlocal timoshenko beams and
an effective method of determining nonlocal effect. Int. J. Mech. Sci.
128-129, 572–582.
[38] Zhu, X., Li, L., 2017. Closed form solution for a nonlocal strain gradient
rod in tension. Int. J. Eng. Sci. 119, 16–28.
[39] Zhu, X., Wang, Y., Dai, H., 2017. Buckling analysis of Euler-Bernoulli
beams using Eringen’s two-phase nonlocal model. Int. J. Eng. Sci. 116,
130–140.
